Non/ﬁinear Optimization

K units of capital, L units of labor, KL units of
goods

Capital can be purchased $4k/unit
Labor $1k/unit

Total of $8k is available

How can the firm maximize the output?
z =KL — max
4K +L <8

K>0, L=0



Consider the LP

(¢, X ) > max
Ax<b
x>0

¢ is independent on x
More realistic approach c(x)

Then

z = (¢(x), X) = max
Ax<b
x>0



Market Problem

p=(p1,---,Pn)

1) p € R is a positive vector of products on
the market

2) m consumers:each consumer has his own
vector of preferences
al = (a;1,...,ai),0 < a; <1 and a budget
b, >0

o' = (by,...,bn) € RT,
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Matrix of Preferences

aiy ... Aaij ... Qin
A= ;1 Qij Qin
am1 Amy Amn

Fach row and each column has at least one
aij >0 (%)



If there is a row with a;; = 0,V j then the
consumer 1 is not interested in the market

If there is a column j with a;; = 0,V i then
nobody is interested in the product j

3) For consumer i we introduce the
consumptions vector
QJ;T = (xil, ces ,CEm) & Ri
The components x;; show how much of
product j consumer i is going to buy.



4) With each consumer we associate utility
function

n
wi(z;) = (ai, ;) = X a2y

5) Each consumer will maximize the utility
~ function within the budget available.
If 7 = (my,...,m,)is the vector of prices for
the products then each consumer will solve the
following LP problem

ri(m) = argmaz{u;(z;)/ (7, x;) < by, x; > 0}



The total demand

while the supply is p

Question: Is there such 7* = (7], ..., 7)) that

() =p
Equilibrium

D.GALE ”The theory of Linear Economic
Models” 1960

b



YES !!

For any budget vector b € R, ,any
supply vector p € R}, and any matrix
of preferences A with property (x) the

equilibrium exists



Consider the following convex programming
problem

flx) = _gjl biln(a;, x;) — mazx (1)

flz) = gil biln( .gbil Gijij) — MAT
= j=



TARTALIA PROBLEM (1500 —1557)

One has to divide 8 in two parts, that the sum of
their product and their difference will be max.

x+y=8, x>0, y>0
z=xy+(X—y)— max
y=8—-X

z=X(8—-x)+(2x—-8)—> max




Inscribe rectangle with max area in a circle with
a given radius R

e
e

Z = Xy — max
Z=X \/4R2—le — max
| 1 —2x

z'= \/4R2—x2 +x2—\/4R2—x2'

2 A2
_ 4R —2x _ 0

J 4R* - x*

x=R\/2>, y:R\/T




Inscribed rectangle with max area in a given

triangle 5
y
3
X
A g ¢
Z=Xy
L : h=H-x
H b
H-x y b
== T e H——
H b yeq H-%)
zz-l—)--x(H—x)—»max
H
x=0
[x(H -x)]. = H-2x=0
H
X =—
2






Convex and Concave Functions

chord

Convex Concave

S(Ax, +(1=2)x,) < A () + (1= 2) £(x,)

Convex

>  (Concave

local min convex f(x) = global min f(x)

global min «—local min

\




Convex Set

Q) is convex if

Vx,x,eQax=(1-A)x +Ax, eQ
0<A<l

if Q. is convex then

Q=J[Q, is convex
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local min

local min
/

/

_ global min

/




Convex Function

A

_’

X, X,
1. f((l — /1)x1 +/1x2) < (1 — ﬂ,)f(xl)+/1f(x2)

Gradient
Vf(x)= (g; . g
2. f(x, ;/\f(xl) 2 (f(x1) X, xl)
“ j[ /(2’4) <X1'z1)
)
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3.(VA(%) - Vf(x,), X —x,)=0

[ 4
Hessran

V.. f(x)=

Ff Ff ]
G e
& f >f

n n

4.(V, f(x)y, ¥)2m(y,)

b&n&l ,.“,dx & i



Concave Functions

A i

|
| |

2 %
Dun o) o) be) s

f(x) is concave if

g (x) =-f(x) is convex

i

Neither convex nor concave




Linear-Function

f(x)=ax+b
1s both convex and concave

Examples

1) ﬁ(x) =x°
2) fix)= -
3) f,(x)=Inx

4) f(x, x,)= X, +3x,x, + x5,

Vf(x)= [

(s 3

x, >0, 6x,2-92>0

3x + 3x2)
3x, +2x,



) If f(x)is convex then

Q={x: f(x)<c} is convex for any c

2) If fi(x) is convex and a, >0 then

f(x)= ial. fi(x) is convex

3) If y= f(x) concave and f(x)>0 then
1

f(x)

/= IS convex

4) If y = f(x)=0 and concave then

Z=1In f(x) is concave



Unconstrained Optimization
min f (x) = { (x*)

or
x* = qvg min{f(x)/ X eRh}
Two basic methods

Gradient Method
x=x - tVf(xs), t>0

Newton Method

= (VA () V()



Unconstrained minimization

%‘(‘) f(x)— min




vf(xo)

A
-—> (x_xO)

VfT(xO)(x—xO)z IVE(xo) | [x=x, |cose

@ =180°

x—x" Vf(xo)
[V (x0) |

R Vf(xo)




min f(x)
1

X ”x—xO HSI Hx H: (x12+...+x5)5

then we are dealing with the following problem
min (Vf (xo), {)
¢ =1

() )= [wB) |16 eoso
Vf(xo)
) |

This is the steepest descent direction

;:_

Another way of looking on this matter
is the following

Let consider the function
f (xo +t¢ )
37 Az +1)= (Vf(xo +14), ;) /t=0
ey




|

The value (Vf (xo), 4 ) characterizes the velocity of the

function increase or decrease in the direction ¢

Again increase or decrease will depend on the angle

between Vf (xo) and ¢

min (Vf(xo), Cf) = (=— ———~—
¢l
as+1:xs—tVf(xs)

t,.1 = avg min f(xs -tV f(xs))

120
= (Vf(xs - tVf(xS)), Vf(xs)) =0
Steepest descent

v%dﬂ




(VA(x)-Vf(») x=p) 2m |x-y |
Vf(x)-Vf(y) KL |x-» |

x5 =x* - tVf(xs)
oy =x—x - z‘Vf(xs)

(xs+1 —x", x* - x*) = (xs —x - tVf(xs), x* =X - tVf(xs))

x* oy H2= (xs —x, x' - x*) |
— 2t(xs -x, Vf(xs) — Vf(x*))
w0 [vrle) o)

) x |2 2 *
= x*-x ’—2tm “xs—x ’+t2L “xs—x H2

= |x*—x" [(1-2tm+¢*I?
K )



g(t)=1-2tm+t*L> - min
t

—2m+2tI* =0




Cauchy 1847

Steepest descent

. - min f(xs — tVf(xs))

m

o= I — condition number of the unconstr.

If 0>0 is small then

the unconstr. optimization problem is

ill — condtioned



Newton Method 1660

gx)=0
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—(x-1)+1, 0<x<1
g(x) =+
(x+1)" -1, ~1<x<0







~

min f(x)= Vf(x)=0
V(%)= V(%) + Vi f (0 )(x — x,)

X=X = _(Vyzcxf(xo))—l Vf(xo)

X1 = Xo —(Vixf(xo)) | V(%)

or

X =%, ~ (V2S(5)) Vf(x,)

| x |2
T —x HScHxs—x ”




= V2 (x°) V(2
s P f'l(xS) v/ (x*)

oo oo ) )
A R )

= (=, V() VR A )x - x")
_ Vf(xs) - Vf(x*) )

=( 2 =2, V() V) ) ~
V2 f(x 0 -2 - x) )

:( x5t —x*, sz_l(xs)( sz(xs)
_sz(xs + H(x* - xs)))(xs - x*) )
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